In this paper, we study the estimation of R = P [Y < X], also so-called the stressstrength model, when both X and Y are two independent random variables with the generalized linear failure rate distributions, under different assumptions about their parameters. We address the maximum likelihood estimator (MLE) of R and the associated asymptotic confidence interval. In addition, we compute the MLE and the corresponding Bootstrap confidence interval when the sample sizes are small. The Bayes estimates of R and the associated credible intervals are also investigated. An extensive computer simulation is implemented to compare the performances of the proposed estimators.
Introduction
The topic of inference on R = P (Y < X) -usually referred to as the stress-strength model -has obtained wide attention in the literature, including quality control, engineering statistics, reliability, medicine, psychology, biostatistics, stochastic precedence, and probabilistic mechanical design (see Kotz et al., 2003 , for a comprehensive review). For instance, in a clinical study, Y and X can be assumed as the outcomes of a treatment and a control group, respectively, then the following quantity R = P (Y < X) can be considered as the effectiveness of the treatment (Kotz et al., 2003) . In this case, (1 − R) measures the effectiveness of the treatment. Alternatively, for diagnostic tests used to distinguish between diseased and non-diseased patients, the area under the receiver operating characteristics (ROC) curve, based on the sensitivity and the complement to specificity at different cut-off points of the range of possible test values, is equal to R (see Ventura and Racugno, 2011) .
Another important use of R = P (Y < X) is in reliability contexts, in particular in mechanical reliability of a system, where Y is the strength of a component which is subject to stress X, then R is a measure of system performance, and (1 − R) measures the chance that the system fails. In this situation, the system will fail, if at any time the applied stress is greater than its strength. Kotz et al. (2003) also present the theoretical and practical results on the theory and applications of the stressstrength relationships in industrial and economic systems.
In reliability context and life science, inferences about R where X and Y are independently distributed are still subject of interest. In this context, the stress-strength model describes the life of a component which has a random strength X and is subjected to random stress Y .
The component fails at the instant that the stress applied to it exceeds the strength and the component will function satisfactorily whenever Y < X . Thus R = P (Y < X) is a measure of component reliability.
Estimation of R = P (Y < X), when X and Y are random variables following the specified distributions has been extensively discussed in the literature in both parametric and nonparametric framework. This quantity can be obviously seen as a function of the parameters of the distribution of the random vector (X, Y ) and could be calculated in the closed form for a limited number of cases (Kotz et al., 2003; Nadarajah, 2005; Cordeiro et al, 2011) .
For instance, the estimation of R when X and Y are independent and normally distributed has been considered by several authors including Downtown (1973) , Owen et al. (1977) and Greco and Ventura (2011) . In this paper, the main objective of this paper is to focus on the inference of R = P [Y < X], where X and Y follow the Generalized Linear Failure Rate distributions and are independent of each other. This distribution is originally introduced by Sarhan and Kundu (2007) . Similar to the other studies, we first obtain the MLE of R and its corresponding asymptotic distribution. We then construct an asymptotic confidence interval based on the asymptotic distribution. In addition, we present a Bootstrap confidence interval for R when the sample sizes are small. We also derive the Bayes estimates of R associated with the informative and non-informative prior distributions, and the associated credible intervals are also calculated.
Furthermore, we briefly investigate the statistical inference of the stress-strength parameter R = P (X < Y ) when the observe sample from X and Y are progressively type-II censored. We only calculate the MLEs and associated confidence intervals for three progressive censoring schemes and further studies about R under these censoring schemes will be reported later.
The rest of the paper is organized as follows. We briefly introduce the Generalized Linear Failure Rate (GLFR) distribution and study its relevant properties to this study in Section 2. We devote Section 3 to study the estimation of R when the scale parameters of both distributions are common and known. In this section, we derive the ML estimator, Bayes estimators of the stress-strength model, their corresponding confidence or credible intervals and other quantities of interests. In Section 4, we carry out similar inference, made in the previous section, about R when the common scale parameters are unknown is discussed in Section 4. We consider inference about R for the general case when the parameters of both distributions are not known and common in Section 5. We derive maximum likelihood estimators of R and its corresponding confidence intervals under different progressive censoring schemes in Sections 6. Simulation results and data analysis are presented in Sections 7 and 8, respectively.
Generalized Linear Failure Rate Distribution
It is well known that the exponential, generalized exponential or Rayleigh distribution are among the most commonly used distributions for analyzing lifetime data. These distributions have several desirable properties and nice physical interpretations. They can be used quite effectively in modelling strength and general lifetime data. Kundu and Raqab (2005) used different methods to estimate the parameters of the generalized Rayleigh on the observed data. In analyzing lifetime data, the exponential, Rayleigh, linear failure rate or generalized exponential distributions are normally used. It is apparent that the exponential distribution can be only used for the constant hazard function whereas Rayleigh, linear failure rate and generalized exponential distributions can be used for the monotone (increasing in case of Rayleigh or linear failure rate and increasing/ decreasing in case of generalized exponential distribution) hazard functions. In addition, in many practical applications, it is required to apply the non-monotonic function such as bathtub shaped hazard function (Lai et al. 2001) . In this paper we use a newly developed distribution by Sarhan and Kundu (2007) which generalizes the well known exponential distribution, linear failure rate distribution, generalized exponential distribution, and generalized Rayleigh distribution (also known as Burr Type X distribution). They called it generalized linear failure rate distribution with three parameters (a, b, α) and denoted by GLFRD(a, b, α). The probability density function (pdf) of GLF RD(a, b, β) is given by
The corresponding cumulative distribution function is as follows
where a and b are the scale parameters and α is the shape parameter.
This distribution has increasing, decreasing or bathtub shaped hazard rate functions and it also generalizes many well known distributions including the traditional linear failure rate distributions, such as, generalized exponential (GED(a, α)) and generalized Rayleigh (GRD(b, α)) by putting b = 0 and a = 0, respectively.
This distribution is verified to have a decreasing or unimodal pdf. Figure 1 shows some patterns of the pdf of GLF RD(a, b, α), which may have a single mode or no mode at all.
In addition, when α > 1, the hazard rate of this distribution is increasing, if α < 1, the 
Estimation of R with known scale parameters
In this section, the main aim is the estimation of R = P [Y < X], where independent random variables X and Y follow the Generalized Linear Failure Rate distributions with the known common scale parameters, that is, X ∼ GLF RD(a, b, α) and Y ∼ GLF RD(a, b, β). We wish to derive the MLE of R, its associated confidence intervals, Bayes estimates of R, the corresponding credible interval and study their properties. The stress-strength parameter, R is defined as
MLE of R
In this section, we consider the estimation of R when (a, b) are known, and without loss of generality, we assume that (a, b) = (1, 2). Let X 1 , X 2 , . . . , X n be a random sample from GLF R(1, 2, α) and Y 1 , Y 2 , . . . , Y m be a random sample from GLF R(1, 2, β). To compute the MLE of R, the corresponding log-likelihood of the observed sample is given by
The MLEs of (α, β) denoted by (α,β) can be derived by solving the following equations
Consequently, (α,β) are given bŷ
Duo to the invariant property of maximum likelihood estimators, the MLE of R is obtained by replacing α and β by their MLEs in (2) as followŝ
It is trivial to show that − ln(1 − e −(Xi+X 2 i ) ) follows an exponential distribution with mean α −1 . Therefore, −2α
where the random variable F follows a F (2n,2m) distribution with 2n and 2m degrees of freedom. So, the probability density function (pdf) ofR is as follows:
where 0 < x < 1 and α, β > 0. The 100(1 − γ)% confidence interval of R can be obtained as
where F ( 
Bayes estimation of R
Let X ∼ GLF R(1, 2, α) and Y ∼ GLF R(1, 2, β) be independent random variables with cumulative distribution functions F X (x | α) and F Y (y | β) given in (1), respectively. By definition, R can be evaluated as a function of the entire parameter θ = (α, β), by the following relation
where x = (x 1 , . . . , x n ) is a random sample of size n from X and y = (y 1 , . . . , y m ) is a random sample of size m from Y . Let π(θ) = π(α)π(β) be a prior pdf on (α, β). We consider the Gamma distributions as the prior distributions on α and β, that is, α ∼ Gamma(γ 1 , λ 1 ) and β ∼ Gamma(γ 2 , λ 2 ), with the following density function, respectively
The posterior distribution of θ via the Bayes rule is given by
where L(θ | x, y) is the likelihood function for θ based on (x, y), where its logarithm is given in (3). The posterior distributions of α and β are independent and are given by
where
). Bayesian inference on R is based on the derivation of the posterior pdf of R, which can be obtained using a suitable one-to-one transformation of θ = (α, β) of the form G : θ → (R, η), with inverse V = G −1 , and η = α + β. Then, the joint posterior pdf of (R, η) is given by π(R, η | x, y) = π(V (R, η) | x, y)|J V (R, η)|, where |J V (R, η)| is the Jacobian of the transformation V , so that
Since a priori α and β are independent, using the prior distributions presented in (4), the joint posterior distribution of (R, η)
Then, the marginal posterior density of R is given by
However, there is no close form for the posterior mean or median and the numerical method is required to derive them, but the posterior mode is the root of The Bayes estimate of R under the squared error loss function, i.e., the posterior mean can be numerically obtained using the numerical method presented in Lindley (1980) and Ahmad et al. (1997) . This estimate of R denoted byR B is given bŷ
whereR =α α+β ,α = ln(a + by j )
The MLEs of a, b, α and β sayâ,b,α andβ, respectively, can be obtained as the solutions of the following equations
From Equations (8) and (9), we can obtain the maximum likelihood estimates of α and β as function of a and b as followsα
By replacingα,β in Equations (6) and (7), the MLEs of a and b can be then achieved as the solution of the following equations
obtained by applying an iterative strategy as
where a(i), b(i) are the ith iteration ofâ,b.
We should stop the iteration scheme when both a(i + 1) − a(i) and
are adequately small. Whenâ,b are obtained, it would be straightforward to yieldα,β from (10) and (11), respectively.
Finally, due to the invariance property of the ML estimators, the MLE of R will be as
Asymptotic distribution
As the exact distribution ofR does not exist, it is essential to investigate the asymptotic behaviour of the derived MLE of R which is considered in this section. We first derive the asymptotic distribution ofθ = (â,b,α,β) and then the asymptotic distribution ofR will be accordingly obtained. We then, based on the asymptotic distribution ofR, calculate the asymptotic confidence interval of R.
We denote the observed information matrix of θ = (a, b, α, β) as
and
Proof. The proof follows from the asymptotic normality of MLE (See Ferguson (1996) and references therein).
Theorem 2. As n → ∞ and m → ∞ and n/m → p then
where Proof. See the Appendix.
The motivation behind the asymptotic distribution presented above forR is to construct an asymptotic confidence interval for R. In order to construct this confidence interval, we first need to estimate σ 2 * . Duo to the invariance property of the ML estimator, we can estimate σ 2 * by estimating its elements via replacing (a, b, α, β) by their MLEs, (â,b,α,β).
We will calculate this asymptotic confidence interval in Section 7 where the simulation results are presented.
Confidence interval for Small sample size: Bootstrap approach
It would be reasonable to expect that the asymptotic confidence interval described above would not show satisfactory results when the sample size are small. Efron (1982) proposes the percentile bootstrap method (or Boot-p) as an alternative way to construct a confidence interval in this situation.
Algorithm of the percentile bootstrap method to estimate the confidence interval of R is illustrated below:
1. From the sample {x 1 , x 2 , . . . , x n } and {y 1 , y 2 , . . . , y m }, computeâ,b,α andβ. 3. Repeat step 2, N boot times.
Bayes Estimation of R
In this section, we derive the Bayes estimator of R. For constructing Bayes estimate of R,
we assume independent Gamma priors on a, b, α and β with the following pdfs
where the hyper-parameters γ i , λ i , i = 1, . . . , 4 are all positive.
The logarithm of posterior distribution of a and b after integrating out α and β is as
where C is the normalizing constant.
We estimate a and b by maximising log(π(a, b | x,y)), that is, We then substitute (a, b) by (â,b) in π(α | x, y,â,b) and π(β | x, y,â,b) which are called pseudo-posteriors. Since the parameters α and β are assumed to be a priori independent, the posterior distributions of α and β are then give by
). Similar to the method described in Subsection 3.2, using the prior distributions presented above, the marginal posterior density of R becomes
.
Although the Bayes estimates of R under the squared error or absolute error loss function cannot be explicitly obtained (the numerical methods, such as, MCMC approach should be used), but the posterior mode could be derived in an explicit form. The derivative of π R (r | x, y) can be easily calculated as follows:
Depending on the signs of (λ 4 − U 2 ) and (λ 3 − U 1 ), one can easily show that π R (r | x, y) has a unique mode over 0 < r < 1, and the corresponding posterior mode can be obtained as the unique root of the equation H(r) = 0 over 0 < r < 1.
A reasonable loss function to estimate R is
Fergusen ( we use the acceptance rejection method to simulate a sample from π R (r | x, y). Therefore, in order to compute the Bayes estimate and the credible interval, we implement the following steps. First, we determine the posterior mode of π R (r | x, y), denoted byr M , as explained above. Therefore, for any 0 < r < 1, it can be concluded that π R (r | x, y) ≤ π R (r M | x, y).
Using acceptance rejection method introduced by Devroye (1984) , we generate l samples, denoted by r 1 , r 2 , . . . , r l , from π R (r | x, y) given in (34). Now, the Bayes estimate of R with respect to the squared error loss function can be calculated as the sample mean. The lower and upper α/2-th percentile points of the ordered sample can be served as the lower and upper bounds of 100(1 − α)% confidence interval, respectively.
The Bayes estimate of R under the squared error loss function can also be obtained using the numerical method studied in Lindley (1980) and Ahmad et al. (1997) and as presented in Section 3.2. The Bayes estimate of R, denoted byR B , is given bŷ
Estimation of R in the general case
In this section, we present the estimations of the stress-strength model, R = P (Y < X),
We present the MLE of R and its associated confidence intervals in the next subsection. We also present the Bayes estimate of R later in this section.
Maximum likelihood estimator of R
Let X ∼ GLF R(a 1 , b 1 , α) and Y ∼ GLF R(a 2 , b 2 , β), and these two random variables are assumed to be independent. Therefore,
Suppose further X 1 , X 2 , . . . , X n is a random sample from GLF RD(a 1 , b 1 , α) and
is another random sample from GLF RD(a 2 , b 2 , β). The log-likelihood function of the observed samples is presented as
as the solutions of
Similarly, from Equations (20) and (21), the MLEs of α and β can be obtained, as a function of a 1 , a 2 , b 1 , b 2 , as followŝ
Then, the MLEs of a 1 , b 1 denoted byâ 1 ,b 1 can be obtained by substitutingα in Equations (16), (18) , as the solution of the following equations
In a similar way, the MLEs of a 2 , b 2 denoted byâ 2 ,b 2 can be obtained by substitutingβ in
Equations (17), (19) , as the solution of the following equations can then drive them by applying the similar iterative scheme, used in the previous section,
We will stop this iteration scheme when a j (i + 1) − a j (i) and
are adequately small. Whenâ j ,b j , j = 1, 2 are obtained, it would be straightforward to calculateα,β from (22) and (23), respectively.
2 ) )βdx
Bayes Estimation of R
To construct a Bayes estimate for R, we consider the following Gamma prior distributions on a 1 , a 2 , b 1 , b 2 α and β as follows
Furthermore, we assume all these parameters to be independent of each other.
Similar to the approach used in Subsection 4.4, we first estimate (a 1 , b 1 , a 2 , b 2 ), denoted
, by maximizing the associated posterior distribution as follows
We then substitute these estimates in π(α, β | x, y,â 1 ,b 1 ,â 2 ,b 2 ) which is called a pseudoposterior. As a result, the posterior distributions of α and β are give by
where function is the simulation method described in Subsection 4.4 at which a sample from the posterior density function of R can be generated using the acceptance rejection sampling method proposed by Devroye (1984) . The mean of this sample can be served as the Bayes estimate of R, and the lower and upper α/2-th percentile points of the ordered generated sample can then be considered as the lower and upper bounds of 100(1−α)% credible interval, respectively.
Estimation of R Using progressively Censored Sample
The main objective of this section it to address the the statistical inference of the stressstrength parameter R = P (X < Y ) when X and Y are independent generalized linear failure rate random variables. It is further assumed that we observe progressively type-II censored samples from X ∼ GLF RD(a, b, α) and Y ∼ GLF RD(a, b, β) under different censoring schemes. We only consider the MLE of R, and the Bayesian inference about R is being presented in a working paper by the authors. The Bayesian methods used to estimate R in this case are very similar to the methods used by Kim and Chung (2006) We first briefly explain the progressive type-II censoring scheme, and then we derive the MLE of R when the observed data are progressively type-II censored samples from these distributions.
In medical or industrial applications, researchers have to treat the censored data because they usually do not have sufficient time to observe the lifetime of all subjects in the study.
Furthermore, subjects/items may fail by cause other than the ones under study. There are numerous schemes of censoring. There are several types of censoring: Type I and II censoring; random censoring (including right and left censoring); interval censoring; and truncation.
Among these censoring schemes, the first two, type-I and type-II, are the two most wellknown censoring schemes. While in type-I censoring scheme, the experiment is stopped at a pre-fixed time point, in type-II censoring scheme, the experiment is stopped whenever a fixed number of failures (pre-fixed) has been observed. Saraçoglu et al (2012) combine the type-II censoring and progressive censoring schemes which is called the progressive type-II censoring. This scheme allows the researcher to remove active units during the experiment and is defined as follows: Given m < n, and P 1 , . . . , P m non-negative integers such that
where n stands for the items are on the life test at the same time. At the time of the first failure, one chooses randomly P 1 items from the rest of the active n − 1 and then discards.
In the similar way, at time of the second failure, one selects P 2 out of n − P 1 − 2 remaining items at random and consequently remove it, and so on. Eventually, at the time of the m-th failure, all the remaining active items are removed (see Saraçoglu et al (2012) and reference therein for the advantages of this censoring scheme).
We consider two progressive censoring schemes, namely {n 1 , m 1 , P 1 , P 2 , . . . , P m1 } and 
is the normalizing constant (Balakrishnan and Aggarwala, 2000) .
Similarly, the joint pdf of Y can be obtained by replacing the X values, m 1 , n 1 and {P 1 , . . . , P m1 } by the Y values, m 2 , n 2 and {Q 1 , . . . , Q m2 }, respectively.
Therefore, the log-likelihood function of the progressively censored sample is
ln(a + by j )
The MLEs of α and β, denoted byα andβ , respectively, can be obtained as the solutions of the following equations by the iterative scheme described in the previous sections
Finally, due to the invariance property of the ML estimators, the MLE of R will be as followŝ R =α α +β .
Simulation Results
In this section, we present some results based on Monte Carlo simulations to compare the performances of the different estimators described in Sections 3 to 6, under the complete observed data, and also under progressive censored observed data. We consider these two cases separately to draw inference about R. We first assume that the data are complete and the common scale parameters a, b are also known. In this case, we consider combination of the small sample sizes: m, n = 15, 25 and 50. Without loss of generality, we set a = 1, b = 2. Table 1 illustrates the stress-strength parameter, R, the MLE (R), the Bayes estimate (R B ), the confidence interval based onR denoted by CI MLE , and its coverage percentage (cp), based on the simulated data from the GLFR distributions with the different values of α and β.
The Bayes estimate of R is computed, using (5), with respect to the given Gamma prior distributions on α and β. It would be quite conventional to use the non-informative prior distributions for α and β. To avoid having the improper posterior distribution, we set the hyper-parameters of the Gamma distributions as γ 1 = γ 2 = λ 1 = λ 2 = 0.0001 (see Kundu and Gupta, 2005) . This is trivial to show that the bias and variance of the Bayes estimate would decrease as one could elicit a more informative prior distributions for α and β (see
O'Hagan et al. 2006).
When the scale parameters a, b are unknown, we first simulate data based on the mentioned sample sizes and the parameters illustrated in the first and second columns of Table 2 . We then based on the methods described in Sections 4 and 5, estimate R. Table 2 also illustrates the average biases (Bias), mean square error (MSE) ofR, the confidence intervals (based on the asymptotic distribution ofR and using the estimation of σ 2 given in (14)), and its associated coverage percentages (cp) based on 1000 replications. Based on the reported biases and MSEs of (R), one can see, even for the small sample sizes, the precisions of the Table 3 . We then start analyzing these data by calculating the MLEs of (a, b, α, β) using the iterative procedures described above. They are reported in the second column of Table 4 for two cases: the common scale parameters are known or unknown. We use the percentile bootstrap method described in Subsection 4.3 to compute the confidence interval for these data. In Table 4 ,R * and CI boot denote the mean of 500 bootstrap samples of R and its 95% confidence interval, respectively. However, it can be seen that the performance of the bootstrap confidence intervals are quite well in both cases, but construction of these intervals are computationally more expensive than the asymptotic confidence intervals. Table 1 : Simulation results and estimation of the parameters when a, b are known from 1000 samples.
estimations.
We now perform some numerical experiments based on the censored samples under different progressive censoring schemes. For simplicity, we assume the scale parameters are common and known in both strength and stress distributions. Therefore, to simulate the data, we take a = 1, b = 1.5 and α = 1.5 and β = 0.5. For a given n and m, three different progressive censoring schemes are used to generate the data: (i) the usual type-II censoring scheme, where n − m remaining items are removed at the m-th failure; (ii) type-III censoring scheme (in this scheme, n − m items are randomly discarded at the first failure); (iii) type-IV censoring scheme, at which all the P i 's are taken the same number. Note that the first two censoring schemes are extreme ones, but the last censoring scheme lies in between the first two.
For given (n 1 , m 1 ) and progressive censoring scheme {n 1 , m 1 , P 1 , . . . , P m1 } for the first variable, and (n 2 , m 2 ) and progressive censoring scheme {n 2 , m 2 , Q 1 , . . . , Q m2 } for the second variable, the simulation is replicated 1000 times. In each simulation, the MLE of R, the average of biases and the mean squared errors (MSEs) for this estimator are calculated based on the simulated data and reported in Table 6 .
Based on the results reported in Table 6 , it is clear that MLE performs quite well. In addition, it is observed that as the sample sizes increase the performances become better.
(n,m) Table 4 : Parameters estimation and bootstrap confidence intervals with N = 500 boot times for the data presented in Table 3 .
(n,m) Table 5 : Simulation results and estimation of R in general case.
Data Analysis
In this section, we apply the procedures presented in this paper to estimate R on a real life case study. The data shown in Tables 7 and 8 are the breaking strengths of jute fiber at two different gauge lengths. These data were first used by Xia et al. (2009) and were then re-used by Saraçoǧlu et al (2012) to study the estimation of the stress-strength parameter for Exponential distribution under progressive type-II censoring.
We also use these data to estimate the stress-strength model when the following distributions GLFRD(a, b, α) and GLFRD(a, b, β) are fitted to the data given in Tables 7 and 8 corresponding 95% confidence intervals are reported in Table 9 . Clearly, the estimated R obtained using the third scheme is closer to the estimates obtained based on the complete data. 
Conclusions
In this paper, we have investigated the issue of estimating the stress-strength parameter by using this distribution, the lifetime data with the different patterns for the hazard rate functions, including increasing, decreasing and bathtub shaped can be statistically studied.
When the common scale parameters are common and known, the Bayes estimate slightly performs than the MLE, in the sense that its bias and MSE is smaller. The MLE of R = P (Y < X) is quite straightforward, and two approximate Bayes estimators based on 0-1 and squared error loss functions are also presented at which they show similar performance.
Similar to the previous relevant studies, we can also derive the asymptotic distribution of the MLE to construct the associated confidence intervals which also work quite well.
The computation of the MLE of R when the common scale parameters are unknown can be done using an iterative numerical introduced above. The corresponding asymptotic distribution of the MLE of R is then obtained using the Delta method given in the Appendix.
It is then trivial to construct an asymptotic confidence interval based on this distribution.
We also derive the parametric percentile Bootstrap confidence interval for any sample sizes, in particular, for small sample sizes. We show that this interval illustrates satisfactory performance in practice even for very small sample sizes. As expected, to compute the Bayes estimators in this case, one must use the expensive simulation methods described above.
One of these simulation methods which is more common here and is based on the acceptance rejection sampling procedure and originally proposed by Devroye (1984) . This method enables us to generate a sample from the posterior distribution of R. As a result, the Bayes estimate of R along with the associated credible interval can be easily computed using the simulated data. An alternative way is to use the Empirical Bayes method where we first substitute the estimates of the scale parameters (the MAP estimations used here) into the posterior distribution of R, and we then can calculate the Bayes estimates of R under the 0-1 or squared error loss functions, as mentioned in 3.2.
We have used the similar methods to calculate the MLE, the related confidence intervals, the Bayes estimates and its associated credible intervals for the general case where the parameters of the both variables are neither common and nor known.
Finally, we have addressed the estimation problem of R = P (Y < X) when the observed data are progressively type-II censored samples from both GLFR distributions. We have only reported the MLEs of R and the associated confidence intervals when the common scale parameters are known under three censoring schemes described above. However, it is trivial to extend this study to obtain the MLEs of R for more general cases, but the Bayes estimates of R in these situations required more sophisticated MCMC based simulation methods. This work is in progress, and it will be reported later.
We are also developing this study by applying recent advances in Bayesian inference based on higher-order asymptotic, pseudo-likelihoods, and related matching priors, which allow one to perform more accurate inference on the stress-strength parameter, even for small sample sizes. In addition, these approaches have the advantages of avoiding the elicitation on the nuisance parameters and the expensive computation of multidimensional integrals.
Appendix
Proof of Theorem 2. We use the Delta method to prove this theorem. In the Delta method, it is stated that if g : R k → R l has a derivative ∇g(a) at a ∈ R k and
for some k-vector Y and some sequence X 1 , X 2 , . . . of k-vectors, where b > 0, then
By Theorem 1, we know that as n → ∞, m → ∞ and where U is given in (13) .
The U −1 denote the covariance matrix of the Multivariate normal distribution given above and can be factorised as U −1 = k −1 A, where A is the adjoint matrix of U , k is the determinant of U , and are both given, respectively, by Now, we define a function associated with R as, R : (R + ) 4 → (0, 1), such that R applied to the vector of (a, b, α, β), yields R = α/(α + ( 
